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Model problem & pollution effect @SE?F.GN‘SES“ST'“N'VERS”’“

Let Q2 be Lipschitz. For a wave-number k, find v s.t.

—Au—k>u=f inQ,
u=0 onof.

Pollution effect! : For fixed mesh size h, we loose quasi-
optimality as the wave-number k increases.

Lextensively studied, e.g. [Babugka, Sauter, 2000], [Melenk, Sauter,
2010 & 2011], [Bernkopf, Chaumont-Frelet, Melenk 2024]



Model problem & pollution effect A\ S augmnessria

Let Q be Lipschitz. For a wave-number k, find v s.t. lex = sin(167x), k = 1

—Au—Ku=f inQ,

u=0 ondQ. M% e
h=0.1
Pollution effect!: For fixed mesh size h, we loose quasi-
optimality as the wave-number k increases.
Up
h=0.1

Lextensively studied, e.g. [Babugka, Sauter, 2000], [Melenk, Sauter,
2010 & 2011], [Bernkopf, Chaumont-Frelet, Melenk 2024]
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Let Q be Lipschitz. For a wave-number k, find v s.t. Uex = sin(167x), k =5

—Au—Ku=f inQ,

u=0 on 9. Nf tex
h=0.1
Pollution effect!: For fixed mesh size h, we loose quasi-
optimality as the wave-number k increases.
Up
h=0.1

lextensively studied, e.g. [Babugka, Sauter, 2000], [Melenk, Sauter,
2010 & 2011], [Bernkopf, Chaumont-Frelet, Melenk 2024]
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Model problem & pollution effect A\ S augmnessria

Let Q be Lipschitz. For a wave-number k, find u s.t. Uex = sin(167x), k =5

—Au—Ku=f inQ,

u=0 ondQ. M} tex
h =0.075
Pollution effect!: For fixed mesh size h, we loose quasi-
optimality as the wave-number k increases.
Up
h=0.075

Lextensively studied, e.g. [Babugka, Sauter, 2000], [Melenk, Sauter,
2010 & 2011], [Bernkopf, Chaumont-Frelet, Melenk 2024]
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Model problem & pollution effect @\Sé?%ﬁ'éﬁﬁﬂil LA
uex = sin(16mx), k =5

Let Q be Lipschitz. For a wave-number k, find u s.t.

—Au—Ku=f inQ,

u=0 ondQ. M} tex
h = 0.075
Pollution effect! : For fixed mesh size h, we loose quasi-
optimality as the wave-number k increases.
Goal: Derive practical scheme to generate a mesh that
guarantees quasi-optimality
Up
h =0.075

Lextensively studied, e.g. [Babuska, Sauter, 2000], [Melenk, Sauter,
2010 & 2011], [Bernkopf, Chaumont-Frelet, Melenk 2024]
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Model problem & pollution effect @\Sé?%ﬁ'éﬁﬁﬂil LA
uex = sin(16mx), k =5

Let Q be Lipschitz. For a wave-number k, find u s.t.

—Au—Ku=f inQ,

u=0 ondQ. M} tex

h =0.075

Pollution effect!: For fixed mesh size h, we loose quasi-

optimality as the wave-number k increases.

Goal: Derive practical scheme to generate a mesh that

guarantees quasi-optimality

> implementable Uh

h=0.075

Lextensively studied, e.g. [Babuska, Sauter, 2000], [Melenk, Sauter,
2010 & 2011], [Bernkopf, Chaumont-Frelet, Melenk 2024]
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Model problem & pollution effect @\23?22'225331 ERSIAT

Let Q be Lipschitz. For a wave-number k, find u s.t. Uex = sin(167x), k =5

—Au—Ku=f inQ,

2
u=0 onoNQ. ML Uex
h =0.075

Pollution effect!: For fixed mesh size h, we loose quasi-
optimality as the wave-number k increases.
Goal: Derive practical scheme to generate a mesh that
guarantees quasi-optimality

> implementable Uh

- no smoothness assumptions on 2 h =0.075

Lextensively studied, e.g. [Babuska, Sauter, 2000], [Melenk, Sauter,
2010 & 2011], [Bernkopf, Chaumont-Frelet, Melenk 2024]
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T- coercivity @\ gé?%iGAEJSUST-UNIVERSITAT

Theorem (Ciarlet?)
Let X be Hilbert and a(-,-) : X x X — C be a bounded sesquilinear form. The problem

findu e Xs.t. a(u,v) =1~f(v) VveX
is well-posed iff AT : X — X bijective s.t. a(-, T-) is coercive, i.e.

R{a(u, Tu)} > alul}% Vu,v e X.

2see e.g., P. Ciarlet Jr., "T-coercivity: Application to the discretization of Helmholtz-like problems", 2012.
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Theorem (Ciarlet?)
Let X be Hilbert and a(-,-) : X x X — C be a bounded sesquilinear form. The problem

findu e Xs.t. a(u,v) =1~f(v) VveX
is well-posed iff AT : X — X bijective s.t. a(-, T-) is coercive, i.e.
R{a(u, Tu)} > alul}% Vu,v e X.

Note: For Hilbert spaces, T-coercivity is equivalent to the inf sup-condition.
- necessary & sufficient condition for well-posedness

- has to be shown on the discrete level (with uniform constant) to conclude
quasi-optimality.

2see e.g., P. Ciarlet Jr., "T-coercivity: Application to the discretization of Helmholtz-like problems", 2012.



T-coericivity of the Helmholtz problem? @Sé?ﬁi'é?ﬁ““““'“RS”’”

Let (A\(), e());cy be the eigenpairs of —A on Q (normed s.t. ||e()|| 4. = 1). Define

i, = max{i e N: \() < k2} (assuming k2 & {\()})

2p. Ciarlet Jr., "T-coercivity: Application to the discretization of Helmholtz-like problems", 2012.
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T-coericivity of the Helmholtz problem? @8%?%%‘235”“’““'VERS”’“

Let (A\(), e());cy be the eigenpairs of —A on Q (normed s.t. ||e()|| 4 = 1). Define
i, = max{i € N: \() < k2} (assuming k2 & {\()})
Then for u € H}(Q)

2
a(u, u) : /Vu Vudx — k/ﬂu dx
_Z(1+)\ ) +Z(1+)\(> (ut)?

i<iy 1> Iy

.

<0

Y

0

# afulfp.

2p. Ciarlet Jr., "T-coercivity: Application to the discretization of Helmholtz-like problems", 2012.



T-coericivity of the Helmholtz problem? @Sé?ﬁiéﬁﬁ“s“““'VERS”’“

Let (A\(), e());cy be the eigenpairs of —A on Q (normed s.t. ||e()|| 4 = 1). Define
i, = max{i € N: \() < k2} (assuming k2 & {\()})
Then for u € H}(Q)

2
a(u, u) : /Vu Vudx — k/ﬂu dx
_Z(1+/\ ) +Z(1+/\ ) (u)?

i<iy 1> 1%

.

<0

Y

0
% ollull.

—e i<,

+el ifi> ..

2p. Ciarlet Jr., "T-coercivity: Application to the discretization of Helmholtz-like problems", 2012.

- Construct 7: X — X : el —




T-coericivity of the Helmholtz problem? @Sé?ﬁiéﬁﬁ“s“““'VERS”’“

Let (A\(), e());cy be the eigenpairs of —A on Q (normed s.t. ||e()|| 4 = 1). Define
i, = max{i € N: \() < k2} (assuming k2 & {\()})
Then for u € H}(Q)

a(u, Tu)::/Vu-VTudx—kz/uTudx

Q
k% — A M) — k2 .
_ ()2 AD— K2 i)y
;<1+>\()) )+§<1+Am>(” )
>0 >0
> allullz.

—e) ifj < iy,
+el) ifi> i,

2p. Ciarlet Jr., "T-coercivity: Application to the discretization of Helmholtz-like problems", 2012.

- Construct T : X — X :el) = a(+,-) is T-coercive.




H'-conforming discretization @Sé?ﬁiéﬁﬁ pribell

Let 75, be a triangulation of Q with mesh size h and X}, := PP(T,) N HY(Q) € H3(Q),
then the Galerkin approximation of the Helmholtz problem reads

find up, € X}, s.t. a(uh, Vh) = f(Vh) Vv, € Xp.



H'-conforming discretization @ St LS

Let 75, be a triangulation of Q with mesh size h and X}, := PP(T,) N HY(Q) € H3(Q),
then the Galerkin approximation of the Helmholtz problem reads

find up, € X}, s.t. a(uh, Vh) = f(Vh) Vv, € Xp.

If a(-, -) is uniformly Tp-coercive, i.e. if 3 T, : X, — X, bijective & a, > 0
independent of h s.t.

R{a(un, Thun)} > asllupllip  Vup € X,

then the H'-conforming FEM is quasi-optimal.



H'-conforming discretization @\ St LS

Let 75, be a triangulation of Q with mesh size h and X}, := PP(T,) N HY(Q) € H3(Q),
then the Galerkin approximation of the Helmholtz problem reads

find up, € X}, s.t. a(uh, Vh) = f(Vh) Vv, € Xp.

If a(-, -) is uniformly Tp-coercive, i.e. if 3 T, : X, — X, bijective & a, > 0
independent of h s.t.

R{a(un, Thun)} > asllupllip  Vup € X,
then the H'-conforming FEM is quasi-optimal.
Let ()\Eli), e,(,i)) ien be conforming approximations of (A, e());cy. Then
o (e,(,i)) is a basis of X},

o AD < XD foran i, AP <A@ <



(Uniform) Discrete Tj-coercivity @\gé?flewégﬁUST'uNNERSIW
; — ifi <

Define Tj, : X, — X : e,g') — e,() ) I N I.*7

+e,’ if i > .

For uy, € X, we have

a(uh, Thuh) = N + u )2
; ( 14 A ) Z: ( 1420 )"

-~

77 >0

77 )
> o [up[[in

2 () k2 )\g*)



(Uniform) Discrete Tj-coercivity

, _e ifi<
DeﬁneTh:Xh_>Xh:e’(7:)’_>{ e, 1t <,
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Py (A( - k2> ()

I>I* 1 + )\

el if i >,
For u, € X, we have
k2 o )\()
a(un, Thup) = Y (
>0
> allup|Fa

- a(-, ) is uniformly Tp-coercive iff /\57,;) < k2.

h small enough

I\g ~

| | |
T y

>0

Az K2 AU



The scheme @\ SE?FIGN-GAEJSUST-UNIVERSITAT

- We can use this criterion to generate a mesh that guarantees quasi-optimality!

1. Determine i, s.t. i, = max{i € N: A() < k?} (either analytically or
numerically).
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- We can use this criterion to generate a mesh that guarantees quasi-optimality!
1. Determine i, s.t. i, = max{i € N: \() < k?} (either analytically or
numerically).

2. Pick hg and solve the Laplace eigenvalue problem. If /\2"*) > k2, refine the mesh
and repeat.
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and repeat.
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- We can use this criterion to generate a mesh that guarantees quasi-optimality!
1. Determine i, s.t. i, = max{i € N: \() < k?} (either analytically or
numerically).

2. Pick hg and solve the Laplace eigenvalue problem. If /\2i*) > k2, refine the mesh
and repeat.




The scheme @\ gé?FIGN-GALEJSUST-UNIVERSIT}&T

- We can use this criterion to generate a mesh that guarantees quasi-optimality!
1. Determine i, s.t. i, = max{i € N: \() < k?} (either analytically or
numerically).

2. Pick hg and solve the Laplace eigenvalue problem. If /\2i*) > k2, refine the mesh
and repeat.

3. Solve the Helmholtz problem on the mesh obtained in Step 2. Since )\57'.*) < k2,
we have quasi-optimality.



Adaptivity2 @\ gé?%i-égﬁuswmveasm

Can we optimize the mesh generation process?
- minimize the number of required mesh elements / dofs
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Ad ElptiVi'[y2 @\ G0 TRIGN-GAgﬁusr-umveasm

Can we optimize the mesh generation process?
- minimize the number of required mesh elements / dofs

Babuska-Rheinboldt error estimator (averaged over i, + ¢ eigenpairs):

ix+4

. i i (i hk i
n=i"Y ) <hf<HAe,(7) + )‘Ev)elg)Hiz(K) + 7”veh) : ”||%2(8K\a§z)> :
i1 KeT;

- use adaptive refinements based on this error estimator in Step 2



Numerical example - Unit Square (A Smpsysmemnessm

Q=1[0,1]?, Eigenvalues of —A: \;; = 72(i® + j2), i,j € N.
k=10 k =20
T 10°

10°
10* 10?
103 10t
10?

10t

100

107!

flu— “hHLz(n)

10°
1072

1071

103 —P:2

(R TTT|  S T  T  T| A MATTTT SR M RN AT
| SETIT] BRI NI I M SN ITTT AT M s

1072

L <K 07N, < k2
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Numerical Example - Tuning fork (k = 10) (A Smpsysmemnessm

AP > k2 A < g2
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Numerical Example - Tuning fork (k = 10) (A Smpsysmemnessm

D.o.fs. required s.t. AY") < k2:
uniform: 336,449
adaptive: 161,102

AP > k2 A < g2
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Numerical Example - Scatterer (k = 100) gié?ﬁﬁéﬁﬁﬁilmf“s'”“

A > K2 A < Kk
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Conclusions

¢ quasi-optimality is intimately connected to the discrete eigenvalues of —A
® we can use this connection to generate a mesh that guarantees
quasi-optimality:
> determine maximal index i, s.t. \(*) < k2
> adaptively refine the mesh until )\2'*) < k?
> Solve the Helmholtz problem

¢ can be extended to Robin / Mixed boundary conditions
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Conclusions

¢ quasi-optimality is intimately connected to the discrete eigenvalues of —A
® we can use this connection to generate a mesh that guarantees
quasi-optimality:
> determine maximal index i, s.t. \(*) < k2
> adaptively refine the mesh until )\2’*) < k?
> Solve the Helmholtz problem

¢ can be extended to Robin / Mixed boundary conditions

Curious to learn more?

[{ TvB, U. Zerbinati, "An adaptive mesh refinement strategy to ensure quasi-optimality
of the conforming finite element method for the Helmholtz equation via T-coercivity"
(2024), https://arxiv.org/pdf/2403.06266.




