GEORG-AUGUST-UNIVE RSITAT
- GOTTINGEN

Pressure ].‘ObUStIIESS 1n
an ax1symmetr1c SEttlIlg

Philip L. Lederer!, Christoph Lehrenfeld?,
Christian Merdon3, Tim van Beeck?

!University of Hamburg 2University of Gottingen 3Weierstraf} Institute Berlin

22nd European Finite Element Fair 2025, Trieste
May 24, 2025.



Axisymmetry G GEORG-AUGUSTUNVERSITAT

v

3D computations are expensive
» domain & problem axisymmetric =» reduced costs

v

In cylindrical coordinates (r, 6, z)

Q = {(rcosh,rsinb,z) : (r,z) € Q,6 € [0,27]}
Fonﬂ{r:O}, F:@Q\FO

» Fourier expansion w.r.t. § + truncation

u(r,0,z) = Z uk(r, z)e™?

k<N

> axisymmetric data =» Solve only for k = 0 (for
Stokes / Darcy) 0
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» Change of coordinates =» transformation of differential operators, e.g.

. . 1 1
divyy, u = Oxuy + Oyuy, + 0, Uy, divayi u = Oru, + ;u, +/jg{9—l— O, uy

» Change of measure: dxdydz ~~ rdrdz =» weighted Sobolev-spaces

» BUT: structural properties change, e.g. for the acoustic EVP V(divu) = Au,
u - n = 0, discretization with RT- or BDM-elements leads to spurious
eigenmodes, in contrast to the 3d case.

M J. Querales, R. Rodriguez, P. Venegas, Num. Approx. of the Displacement Formulation of the
Axisymmetric Acoustic Vibration Problem, SISC, 2021.



Pressure-Robustness

Given f € [2(Q), v € Ry, find (u, p) € H(div) x L3

.t.
5 vAu—-Vp=1F, divu=0, u|yg=0

> pressure robustness = velocity error
independent of pressure error

> exactness of the discrete de Rham complex:

H(div) —s 2

i 1

vV, — 5 @,

M V. John, A. Linke, C. Merdon, M. Neilan, L. G. Rebholz, On
the divergence constraint in mixed finite element methods for
incompressible flows. SIAM Review, 2017.
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» Taylor-Hood:

(PH(Q), P<1(Q)), k =2
> Scott-Vogelius:

(P(Q), P*"X(Th)), k > 4



Pressure-robustness in axisymmetric setting

» Change of coordinates transforms the
div-operator:

1
divayi U = Oy, + —u, + Oyu,
r

» Problem: div,y; does not map into Pk~1

. divayi
Haxi(div) Lgxi
l l

divaxi

. n
Vh EE— dlvaxi(vh) *h> Qh

M V. J. Ervin, Approximation of axisymmetric darcy flow using
mixed finite element methods. SINUM, 2013.
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» Taylor-Hood:
(PY(Q). P 1)), k = 2

> Scott-Vogelius:
(PH(Q),B*"(Th)), k = 4
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» weighted L2-spaces:
”VH%Z(Q) ::/ v2rodrdz, L2(Q) := {v measurable : ||v||,2 (@) < oo}
« Q @
» weighted H'-spaces:
IVIIZ ) = 10-0:v 1172 @) + IVIT2 ) Hal(R) :={v € L2(Q) : [|vl|y(q) < oo}
» weighted H(div)-spaces:
Hao(D,Q) == {v € L3(Q) : Dv € L3(Q)}, D € {div,divax}.

M C. Bernardi, M. Dauge, Y. Maday, Spectral Methods for Axisymm. Domains. Gauthier-Villars, 1999.

M A. Kufner, Weighted Sobolev Spaces. Teubner, 1980.

M M. Costabel, M. Dauge, J.-Q. Hu, Characterization of Sobolev spaces by their Fourier coefficients in
axisymm. domains. Calcolo, 2023.
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3D-problem
For given f € L*(Q), v € Ry, find (u, p) s.t.

vu—Vp=+F, divu=0, plyo=2g¢

Axisymmetric-setting
Find (u, p) € Hi(divay) x L%, such that for all (v, q) € Hi(divayi) X L7 o

u/ ruvdrdz+/ r divagi vpdrdz—/ rfvdrdz+/rgv-ndrdz
Q Q Q r

(AXTI)
/ rdivag ugdrdz =0
Q
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Observation: With divay v = 10,(rv,) + 9, v, we have

/rdivaxi vpdrdZ:/div(rv)pdrdZ
Q Q

—> Ansatz: Solve for u = rii, i.e. find (u, p) € H_1(div) x L] s.t.
y/ r_luvdrdz+/ div vpdrdz:/ fvdrdz—i—/gv—ndrdz,
Q Q Q r

=:a(u,v) =:b(v,p) (AXI-M)
/ divugdrdz = 0.
Q

Equivalence: (&, p) solves (AXI) < (ri1, p) solves (AXI-M).
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Remark
If u € [2,(R), then u|, = 0.

Discretization with Scott Vogelius elements:

Vi = {vh € Co(Q) N L21(Q) : vly € [P(T)PVT € Th, valr, =0}, 1,
Qn =P 1(Th) N L1 ,(Q)

Find (up, pp) € Vi x Qp such that for all (v, gp) € Vi X Qp:

an(un, vp) + bu(vh, pn) = (f, V)L2(Q) + (g, v- ")L2(r),
bn(up, gn) = 0.
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For stability, we require continuity and
» ap(-,-) uniformly coercive on ker by, i.e. ap(up, up) 2 ||uh\|%,h;
» bp(-,-) fulfills the inf-sup condition:

2 lanllQy  Yan € Q.
vhEV),

M D. Boffi, F. Brezzi, M. Fortin, Mixed finite element methods and applications. Springer, 2013.

> choose a "good" (tricky!) norm || - ||v,, and split V;, = ker b, © V{
» for k > 4, div: V, — Qp is surjective (same as 2D case)
> for any qj € Qp, choose v s.t. div vy = M*"(rgp)

B(V i, n) = /Q N (rgn)qndrdz = /Q r2drdz = [qnl3,

> Show that || div v || < [lgsll,
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standard axisymmetric Darcy modified axisymmetric Darcy
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» Naive axisymmetric discretizations of Stokes / Darcy are not pressure-robust:

—> even for usually pressure-robust elements (SV, BDV, ...), since divaxi(V5) ¢ Qn

» Solving for ru allows us to work with the usual div-operator

=> restores pressure robustness for SV
=> mass-term fQ r~lupvy,drdz numerically challenging for r — 0

» Details of the analysis still open (e.g. Interpolation?)

> Extension to Stokes??
—> have to ensure that Vup|r, = 0 so that fQ r~'Vu,Vv,drdz makes sense

Thank you for your attention!



