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Background: Unfitted FEM 1/lI

Problems
m PDEs on domains with separate geometry
description (e.g. level set)

m PDEs on embedded surfaces

m PDEs on moving domains

Challenges

m FE formulation in unfitted setting
m Stability/robustness for arbitrary (small) cuts
m Imposition of boundary/interface conditions

m Cut integration (robust / high order accurate)
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Background: Unfitted FEM I1/1I

Solution techniques
m unfitted FE spaces (CutFEM / XFEM / Unfitted FEM / ...)

m Weak imposition of boundary conditions through Nitsche /
stab. Lagrange mult.

m Ghost (%) penalty; different versions possible:

. h2/+1

(op, Th) = Z Z /ﬂalah]]ﬂal'rh]]ds
FeF2? 1=0

Efvffdlr(a, T) = Z / (01— 02)(T1 — T2)dx!
FeFe

= we need: [[ulna(e) +[lullg, , = llullhoar)

1 J. PreuB, Higher order unfitted isoparametric space-time FEM on moving domains. Master's Thesis, 2018
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Examples: Mixed formulation of the Poisson and Stokes problems

Mixed Poisson/Darcy: Stokes:

Find u, p with p = pp on 99, s.t. Find u, p with u = up on 99, s.t.
K~ tu— Vp= 0 inQ —Au+ Vp= f inQ,
divu = —f  in Q. divu = 0 inQQ,

Constraint equation correspond to mass conservation (p is Lagrange multiplier).
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Examples: Mixed formulation of the Poisson and Stokes problems

Mixed Poisson/Darcy: Stokes:

Find u, p with p = pp on 99, s.t. Find u, p with u = up on 99, s.t.
K~ tu— Vp= 0 inQ —Au+ Vp= f inQ,
divu = —f  in Q. divu = 0 inQQ,

Constraint equation correspond to mass conservation (p is Lagrange multiplier).

General unfitted saddle point problems
Find (u,p) e 2 x Q,s.t.  a(u,v) + b(v,p) g(v), Vverx,
b(u, q) = h(g), VgeQ.

NoKo 2022, Hannover, June 17, 2022 — T. van Beeck— Unfitted mixed finite element methods 3/15



Examples: Mixed formulation of the Poisson and Stokes problems

Mixed Poisson/Darcy: Stokes:

Find u, p with p = pp on 99, s.t. Find u, p with u = up on 99, s.t.
K~ tu— Vp= 0 inQ —Au+ Vp= f inQ,
divu = —f  in Q. divu = 0 inQQ,

Constraint equation correspond to mass conservation (p is Lagrange multiplier).

General unfitted saddle point problems
Find (u,p) e X x Q,st.  a(u,v) + b(v,p) = g(v), Vvex,
b(u, q) = h(g), VgeQ.

¥ (inf-sup) stability in the presence of arbitrary cuts ?
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Literature |/Il: ¥&-penalties on u and p: [neglecting bound. conditions]

m Stokes (advantage: Hl-conformity) based on stable fitted method:

m Stabilized vel./press. pairs?
m Taylor-Hood 34
m Scott-Vogelius (macro-element version, exactly divfree*) [+grad-div)]®

m Poisson/Darcy and Stokes-Darcy based on stable fitted method:
m RTX / BDMX x P* (inf-sup-stable (in the fitted case) pairs)®’

A. Massing, M.G. Larson, A. Logg, M.E. Rognes, A stabilized Nitsche fictitious domain method for the Stokes problem. J. Sc. Comp., 2014
M. Kirchhart, S. GroB, A. Reusken, Analysis of an XFEM Discretization for Stokes Interface Problems. SISC, 2016

J. Guzman, M. Olshanskii, Inf-sup stability of geometrically unfitted Stokes finite elements. Math. Comp., 2018

H. Liu, M. Neilan, M. Olshanskii, A CutFEM divergence—free discretization for the Stokes problem. arXiv: 2110.11456

R. Puppi, A cut finite element method for the Darcy problem. arXiv: 2111.09922

~N O OB~ W N

P. Cao, J. Chen, An extended finite element method for coupled Darcy-Stokes problems. |JNME, 2022
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Literature |/Il: ¥&-penalties on u and p: [neglecting bound. conditions]

m Stokes (advantage: Hl-conformity) based on stable fitted method:

m Stabilized vel./press. pairs?
m Taylor-Hood 34
m Scott-Vogelius (macro-element version, exactly divfree*) [+grad-div)]®

m Poisson/Darcy and Stokes-Darcy based on stable fitted method:
m RTX / BDMX x P* (inf-sup-stable (in the fitted case) pairs)®’

Stabilized formulations:

g(vn), VYvi € Xy,
h(an). Yan € Q-

Find (up, pn) € X X Q, st (ag + &) (un, vi) + beny(Va, Ph)
bemy(un. an) —  (dp+55)(Ph, an)

A. Massing, M.G. Larson, A. Logg, M.E. Rognes, A stabilized Nitsche fictitious domain method for the Stokes problem. J. Sc. Comp., 2014
M. Kirchhart, S. GroB, A. Reusken, Analysis of an XFEM Discretization for Stokes Interface Problems. SISC, 2016

J. Guzman, M. Olshanskii, Inf-sup stability of geometrically unfitted Stokes finite elements. Math. Comp., 2018

H. Liu, M. Neilan, M. Olshanskii, A CutFEM divergence—free discretization for the Stokes problem. arXiv: 2110.11456

R. Puppi, A cut finite element method for the Darcy problem. arXiv: 2111.09922

~N O O~ W N

P. Cao, J. Chen, An extended finite element method for coupled Darcy-Stokes problems. |JNME, 2022
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Literature |/Il: ¥&-penalties on u and p: [neglecting bound. conditions]

m Stokes (advantage: Hl-conformity) based on stable fitted method:

m Stabilized vel./press. pairs?
m Taylor-Hood 34
m Scott-Vogelius (macro-element version, exactly divfree*) [+grad-div)]®

m Poisson/Darcy and Stokes-Darcy based on stable fitted method:
m RTX / BDMX x P* (inf-sup-stable (in the fitted case) pairs)®’

Stabilized formulations:

. v
Find (up, pp) € = X Q, st (ag) + &) (un, ve) + bwy(va pn) = g(vn), Yviy € Tp,
beny(un, qn) — (dn+%2p)(Pnoan) = h(an)., Van € Q.
~~ inf-sup-stability of global bilinear form (independent of cut position) <, but mass conservation polluted ¥
2A. Massing, M.G. Larson, A. Logg, M.E. Rognes, A stabilized Nitsche fictitious domain method for the Stokes problem. J. Sc. Comp., 2014
3M. Kirchhart, S. GroB, A. Reusken, Analysis of an XFEM Discretization for Stokes Interface Problems. SISC, 2016
4Jv Guzman, M. Olshanskii, Inf-sup stability of geometrically unfitted Stokes finite elements. Math. Comp., 2018
5H. Liu, M. Neilan, M. Olshanskii, A CutFEM divergence—free discretization for the Stokes problem. arXiv: 2110.11456
6R. Puppi, A cut finite element method for the Darcy problem. arXiv: 2111.09922
7

P. Cao, J. Chen, An extended finite element method for coupled Darcy-Stokes problems. |JNME, 2022
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Literature I1/1l: No ¥&-penalty on p-g-coupling [neglecting bound. conditions]
For Darcy interface problem:
m RT? x PO (inf-sup-stable pair*) (low order, 2D) 8

m RTK/BDMAH! x P, inf-sup-stable pair* + ¥#/-penalties for divergence 9

Find (up, pp) € p X Qp, st (a4 20,)(up, viy) +(b+ ) (v, pr)
(b"l‘f‘i\f*)(Uthh)

g(\/h), Vv, € Xp,
h(an). Yan € Q.

K
B (i, qn) = 2, (div vy, gn)= Z Z’thJ“ /[[Ddivvh]][[D/qh]]ds
JE

FeFp j=0
m mass balance hardly polluted

mf=0=divu,=0

8C.D'Ange|o, A. Scotti, A mixed finite element method for Darcy flow in fractured porous media with non-matching grids. ESAIM:M2AN, 2012

T. Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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Literature I1/1l: No ¥&-penalty on p-g-coupling [neglecting bound. conditions]

For Darcy interface problem:
m RT? x PO (inf-sup-stable pair*) (low order, 2D) 8
m RTK/BDMAH! x P, inf-sup-stable pair* + ¥#/-penalties for divergence 9

Find (up, pp) € Tp x Qp, st (a+ ) (up vi) +(b+E) (v pr) = g(vi), VYvy € 5,
(b + 2" (up, an) h(an), Van € Qp.

K
& (vh, gp) = 0, (div vy, qp)= Z Z'thJ“ /F[[Ddivvh]][[D/qh]]ds

FeFp j=0
m mass balance hardly polluted
mf=0=divu,=0

Aim Nnow: Robustness w.r.t. cut position (also high order) w/o pollution of mass balance

8C.D'Ange|o, A. Scotti, A mixed finite element method for Darcy flow in fractured porous media with non-matching grids. ESAIM:M2AN, 2012

T. Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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A step back: Fitted mixed Poisson (recap)

Find 1, € ¥, = RT* C H(div, Q), py € Qy = divE), = P C [2(Q), s.t.

(Un, vin)a+ (divvy, pr)a = 9(vn) = (vi-n, pp)aaV¥ an € Lp,
(div un, gn)a = h(gn) = (=f. an)aV vh € Qh.
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A step back: Fitted mixed Poisson (recap)

Find 1, € ¥, = RT* C H(div, Q), py € Qy = divE), = P C [2(Q), s.t.

(Un, vin)a+ (divvy, pr)a = 9(vn) = (vi-n, pp)aaV¥ an € Lp,
(div up, gn)a = h(gn) = (—f, gn)aV¥ vh € Qp.

Y, =30d, 5 with ) = kerb = {u, € ¥, | divu, = 0} and a(-,-) = (-, ")a.
m 3 subproblems for 3 unknowns: (up, pp) ~ (U, uit, pn)

(1) Determine uf) from (u}), v{)a = g(v;) Vvi € 9,

(2) Determine uy from (div uir, gn)a = h(qn) Yan € Qn,

(3) Determine p; from (div vi-, pr)a = g9(vi) — (Ui, vi)a Yvir € Zi.
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A step back: Fitted mixed Poisson (recap)

Find vy € ¥, = RT* C H(div, Q), py € Qy = divE, = Pk C [2(Q), s.t.
(Un, vin)a+ (divvy, pr)a = 9(vn) = (vi-n, pp)aaV¥ an € Lp,
(div up, gn)a = h(gn) = (—f, gn)aV¥ vh € Qp.

Y, =30d, 5 with ) = kerb = {u, € ¥, | divu, = 0} and a(-,-) = (-, ")a.
m 3 subproblems for 3 unknowns: (up, pp) ~ (U, uit, pn)

(1) Determine uf) from (u}), v{)a = g(v;) Vvi € 9,

(2) Determine uy from (div uir, gn)a = h(qn) Yan € Qn,

(3) Determine p; from (div vi-, pr)a = g9(vi) — (Ui, vi)a Yvir € Zi.

. - b
m Discrete LBB-stability: mfsup (un. )

————=—>¢c>0 = stability of (2) & (3)
a uy, lunllzllanlle
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Unfitted Mixed FEM

Starting point: straight-forward unfitted Mixed FEM:
Find vy € ¥y = RT*(7,) C H(div, Q7), py € Qn = PX(T,) C L2(Q7), s.t.
(un, vi)a+ (divvy, pr)a =

9(vn) = (vi-n, pp)aaV¥ vi € X,
(div Up, qh)Q

h(an) = (—=f. an)aV an € Q.

D> TeT\Tf
D TeTr

— r=oQ
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Straight-forward method: Problems

(1) Determine v from ay(uf, v) = (v, v))a = g(v)) Vv € 9
(2) Determine uj- from by(ui-, qn) = (div uib, gn)a = h(qn) Van € Qp

(3) Determine py from by(vir, pn) = (div v;", pr)a = g(vir) — (up, vir)a Vv € ©j
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Straight-forward method: Problems

(1) Determine v from ay(uf, v) = (v, v))a = g(v)) Vv € 9

(2) Determine uj- from by(ui-, qn) = (div uib, gn)a = h(qn) Van € Qp
(3) Determine py from by(vir, pn) = (div v;", pr)a = g(vir) — (up, vir)a Vv € ©j

Stability issues

m infy, sup,, > 0, but no lower bound on the constant!

b(up
”UhHZHG’hHO
m stability depends on the cut position
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Adjusted unfitted mixed FEM

D> TeT\T
D TeTf
— [[=0Q

Observation on the subspace ¥9
Due to divY, C @, we have ker b = pointwise divergence-free functions

= ZO = {Uh € Xy | b(Uh, qh) =0 th < Qh} = ker b = ker by, with bh(Uh, qh) = (dIV Up, qh)QT
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Adjusted unfitted mixed FEM > Tem\T

D TeTf
— =00

Observation on the subspace ¥9
Due to divY, C @, we have ker b = pointwise divergence-free functions

= ZO = {Uh € Xy | b(Uh, C]h) =0 th < Qh} = ker b = ker by, with bh(Uh, qh) = (dIV Up, qh)QT

Adjusted unfitted Mixed FEM:
Find u, € ¥, = RTX(T3), Pn € Qn = PX(Th), s.t.
(tn, vin)a + Ye(up, vi)+ (divvs, Br)ar = g(vh) = (vi'n, pplea ¥ vk € Tp,
(divun, an)ar = hu(aqn) = (=fn. an)ar ¥V aqn € Qh.
m ¥, >0 (v, = 0 possible)
m Assume f, € Qp with f, = £f in Q7 ( with £ smooth ext. op. from Q to Qf 5 Q7))
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The subproblems for up:

Adjusted unfitted Mixed FEM:
Find uy € Xy = RT*(T5), Bn € Qy = PX(Tp), s.t.

(Un, vi)a + Y2 (up, vi)+ (divvy, Pr)ar = g(va) = (Vi-n, pp)an Y vy € Ly,
(divun, gn)ar = hu(qn) = (=fn. Gn)ar Y an € Qn.

Symmetric saddle point problem; well-conditioned linear systems.

9T, Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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The subproblems for up:

Adjusted unfitted Mixed FEM:
Find uy € Xy = RT*(T5), Bn € Qy = PX(Tp), s.t.

(Un, vi)a + Y2 (up, vi)+ (divvy, Pr)ar = g(va) = (Vi-n, pp)an Y vy € Ly,
(divun, gn)ar = hu(qn) = (=fn. Gn)ar Y an € Qn.

Symmetric saddle point problem; well-conditioned linear systems.

Subproblems (1) & (2) for u? € £9 and ui- € T

m ap(uh, vi)) = (uh, vida + Ya(up, vi) = 9(vi}) = (Vi Po)ea Vvj, € T,
Consistent, continuous, coercive (W.r.t. || - [|y(giv:am))-

9T, Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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The subproblems for up:

Adjusted unfitted Mixed FEM:
Find uy € Xy = RT*(T5), Bn € Qy = PX(Tp), s.t.

(Un, vi)a + Y2 (up, vi)+ (divvy, Pr)ar = g(va) = (Vi-n, pp)an Y vy € Ly,
(divun, gn)ar = hu(qn) = (=fn. Gn)ar Y an € Qn.

Symmetric saddle point problem; well-conditioned linear systems.
Subproblems (1) & (2) for u? € ¥ and u;- € ¥

m an(up, v) = (U via + v (up, vi) = 9(v) = (v po)ea Yvi € T}
Consistent, continuous, coercive (W.r.t. || - [|y(giv:am))-

m by(Upy, Gr) = (div uy, Gn)ar = hn(an) = (—fh, Gn)ar Yan € Qp
Consistent (up to f, ~ f), continuous (w.r.t. norms on Q7), LBB-stable.

9T, Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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The subproblems for up:

Adjusted unfitted Mixed FEM:
Find uy € Xy = RT*(T5), Bn € Qy = PX(Tp), s.t.
(tn, Vi)a + Y2 (up, vi)+ (divvy, Br)ar = 9(vi) = (Vi-n. Pplaa Y Vi € Xp,
(divun, gn)ar = hn(qn) = (=fh. an)ar ¥ an € Qn.

Symmetric saddle point problem; well-conditioned linear systems.

Subproblems (1) & (2) for u? € £9 and ui- € T

m ap(uh, vi)) = (uh, vida + Ya(up, vi) = 9(vi}) = (Vi Po)ea Vvj, € T,
Consistent, continuous, coercive (W.r.t. || - [|y(giv:am))-

m by(Upy, Gr) = (div uy, Gn)ar = hn(an) = (—fh, Gn)ar Yan € Qp
Consistent (up to f, ~ f), continuous (w.r.t. norms on Q7), LBB-stable.

Error estimate for Up [up is the same as in [9] if f}, is a ¥&-penalty-based discrete ext. of f]

v = tnllpagiviary S llu = M ull2@ry + N ef — fll 2@ry= h*

9T, Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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LLagrange Multiplier pp
Subproblem (3) for p, € Qp:

bn(vi, Pn) = (div viy, Pn)ar = 9(vi) = (i, vi Jar = (Vi -0, pp)ea — (Uj, Vi Jar Vv € Xy
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Lagrange Multiplier py
Subproblem (3) for py € Qp:

bu(vir . Br) = (div vir, Br)ar = (Vi) — (Ui, Vi Jar = (Vi -1, pp)ea — (Ui, Vi )ar WV € T
B inconsistent on cut elements, i.e. py % p (part. integration "does not work™)

m consistent on uncut elements
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Lagrange Multiplier p, ~ pj
Subproblem (3) for py € Qp:

ba(viy, Bn) = (div vii Br)ar = 9(vi) — (Ui, viy Jar = (Vi -1, po)aa — (Ui, Vi )ar YV € T
B inconsistent on cut elements, i.e. py % p (part. integration "does not work™)
m consistent on uncut elements
m ~Replace (3) with a different way to obtain pj,
m Accurate u, € RT¥ ~ recover P € Qh+ = ]Pk+1(77,)
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Lagrange Multiplier p, ~ pj
Subproblem (3) for py € Qp:

ba(viy, Bn) = (div vii Br)ar = 9(vi) — (Ui, viy Jar = (Vi -1, po)aa — (Ui, Vi )ar YV € T
B inconsistent on cut elements, i.e. py % p (part. integration "does not work™)
m consistent on uncut elements
m ~Replace (3) with a different way to obtain pj,
m Accurate v, € RT¥ ~ recover P € Qh+ = ]Pk+1(77,)

Element-local post-processing:
On each element T € Tp:

(Voi Vap) T = (un Vay)r Vg, € PFFHT)\R,
(P D)7 =Pn 1)1 if TET\TH',
(P, 1)7rea = (Pp. 1) Traq if T € Ty
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Lagrange Multiplier p, ~ pj
Subproblem (3) for py € Qp:

ba(viy, Bn) = (div vii Br)ar = 9(vi) — (Ui, viy Jar = (Vi -1, po)aa — (Ui, Vi )ar YV € T
B inconsistent on cut elements, i.e. py % p (part. integration "does not work™)
m consistent on uncut elements
m ~Replace (3) with a different way to obtain pj,
m Accurate v, € RT¥ ~ recover P € Qh+ = ]Pk+1(77,)

Element-local post-processing:
On each element T € Tp:

(Voi Vap) T = (un Vay)r Vg, € PFFHT)\R,
(P D)7 =Pn 1)1 if TET\TH',
(P, 1)7rea = (Pp. 1) Traq if T € Ty

Alternative: Patch-local post-processing (preserve mean value on uncut elements)
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Numerical example: mixed Poisson on a ring /Il

m manufactured solution

m RT* x Pk

m isoparametric unfitted FEM
m postprocessing involving pp
m uniform refinements
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Numerical example: mixed Poisson on a

llun = U||L2(n)

refinement level L refinement level L
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Conclusion & Outlook

Unfitted mixed FEM
m Circumvent polluting the mass balance (one of the main features of mixed formulations)

m Exploit pointwise character of constraint
e to go from div-constraint on Q to Q7 e (or to apply & (un, qn) as in [9])

m Split into 3 subproblems (inconsistency only affects py,)
m Use post-processing techniques to recover p; (higher order)

8T, Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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Conclusion & Outlook

Unfitted mixed FEM
m Circumvent polluting the mass balance (one of the main features of mixed formulations)
m Exploit pointwise character of constraint
e to go from div-constraint on Q to Q7 e (or to apply & (un, qn) as in [9])
m Split into 3 subproblems (inconsistency only affects py,)

m Use post-processing techniques to recover p; (higher order)

Extensions
m Neumann boundary conditions
m v, = 0 possible? (=: condition, postprocess.; +: hybridization) / hybridiz. on patches
m ~ Stokes / Navier-Stokes

8T Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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Conclusion & Outlook

Unfitted mixed FEM
m Circumvent polluting the mass balance (one of the main feat

m Exploit pointwise character of constraint
e to go from div-constraint on Q to Q7

m Split into 3 subproblems (inconsists \'\(

£Of \JO

m Use post-processing tech+

avier-Stokes

8T Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023
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Backup: Neumann boundary conditions: p=pp ~» u-n = up , on Of)

Stabilized Lagrange Multiplier Approach (similar to [9])
Find up € ), = RTX(T3), Pr € Qn = PX(Th), An € Ay = PX(T3"), s.t.
(Uh, Vh)Q + ’yli@f(uh, Vh)+ (diVVh, [_)h)QT— (Vh - n, >\h)8Q = g(vh) =0V v, € X2,
(divug, gn)ar = (~fan)arV gn € Qn,
(Up - n, n)og = (M, n) = (Up.n, en)aaV tn € Ap.
m = ( )

m smoothing type penalties
m + volume gradient stabilization weakly enforcing VA, - n=x 0

Ah — wa-block & (Ap, pp) not invertible
symmetric saddle-point problem

Mass balance stays "clean” (in the volume).

Patch-wise postprocessing unaffected.

8T. Frachon, P. Hansbo, E. Nilsson, S. Zahedi, A divergence preserving cut finite element method for Darcy flow. arXiv: 2205.12023

9 E. Burman, Projection Stabilization of Lagrange Multipliersfor the Imposition of Constraints on Interfacesand Boundaries. NMPDE, 2013
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