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Unfitted FEM

- PDEs on embedded surfaces, moving domains,
separate geometry description

-=> Major challenge: Stability / Robustness w.r.t.
arbitrarily small cuts !

Ghost penalty stabilization!

h2/+1

TR S S [ 1huli04las

FeFd? I=0

-> Stability through: |[ul|qa(q) + |ule = [|ul[ aaT)

1E4 Burman. Ghost penalty. C.R. Math., 348(21-22):1217-1220, November 2010.
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Mixed Poisson problem (@ N

Model problem (Dirichlet case) D> TeT\T,
Find u, p with p = pp on 99 s.t. > :e;;;
u—Vp=0 inQ, >ub=0q7

divu=—fin Q.

Weak formulation - fitted mixed Poisson
Find vy € Xj, = RTX € H(div,Q), pp € Qn = Pk C [%(Q) s.t.

(un, vh)a + (div v, pp)a = (v, Pp)an  Vvih € L,
(div up, gn)a = (—f,qn)a Van € Qp.
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GOTTINGEN

Mlxed POiSSOH problem @\ GEORG-AUGUST-UNIVERSITAT

Model problem (Dirichlet case) D> TeT\T,
Find u, p with p = pp on 99 s.t. > : 6;;’_’;
u—Vp=0 inQ, >up=q7

divu=—fin Q.

Weak formulation - naive unfitted mixed Poisson
Find uy, € X4 = RTX(T,) € H(div,Q7), pp € Qn = PX(T;) C L2(Q7) s.t.

(un, vh)a + (div vh, pr)a = (v, PD)o0 Vvp € Xp,
(div up, gn)a = (—f,qn)a Van € Qp.

- Not stable / robust! inf-sup constant degenerates for small cuts
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GOTTINGEN

Mlxed POiSSOH problem @\ GEORG-AUGUST-UNIVERSITAT

Model problem (Dirichlet case)
Find u, p with p = pp on 99 s.t.

D> TeTp\T7f
> TeT!
— =00

>ub=0q7

u—Vp=0 inQ,
divu=—fin Q.

Weak formulation - naive unfitted mixed Poisson
Find uy, € X4 = RTX(T,) € H(div,Q7), pp € Qn = PX(T;) C L2(Q7) s.t.
(uh, Vh)Q 4 4 (div Vh, ph)Q 4 & = (Vh, pD)ag Vvy € L,

(div up, qp)q + = = (—f,qn)a Van € Qp.

=> Stable, but Ghost penalty pollutes mass balance!
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Stable Unfitted Mixed Poisson (@ N

Stability of Saddle Point Problems?

Set a(up, vp) = (up, vi)q and b(vy, pp) = (div vy, pr)a.
=> coercivity of a(-, ) on ker b:
v/ (since a(up, up) = ||up| Hdiv,0) ON ker b).
-> inf-sup stability of b(-,-) on X X Qp:
X (constant degenerates for small cuts).

Let bh(vh, ph) = (div Vh, ph)QT. Then: 0%

ker b = ker by,.

(div vp, py) = 0

2cf. e.g., D. Boffi, F. Brezzi, M. Fortin, Mixed FEM and Applications, Springer, 2013.



Stable Unfitted Mixed Poisson (@ N

Stability of Saddle Point Problems?
Set a(up, vp) = (up, vi)q and b(vy, pp) = (div vy, pr)a.
=> coercivity of a(-,-) on ker b:
v/ (since a(uh, uh) = HUhHH(div,Q) on ker bp).
=> inf-sup stability of by(+,-) on X X Qp:
v/ (constant independent of cut position)

Let bh(vh, ph) = (div Vh, ph)QT. Then:

ker b = ker by,.

(div vp, py) = 0

-> Replace b by by, !

2cf. e.g., D. Boffi, F. Brezzi, M. Fortin, Mixed FEM and Applications, Springer, 2013.
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Stable Unfitted Mixed Poisson (@i

Stable unfitted mixed Poisson
For vz > 0, find up € £, = R’]I‘k('ﬁ,), pn € Qn = PK(Tp) s.t.

o

(un, vh)a + Y= (un, vi) + (div v, pn)ar = (v, Pp)aa Vvih € Zp,
(div up, qn)ar = (—fh, qn)ar Van € Qp.

- f, is a suitable discrete extension of f to Q7 (in the sense that it approximates
€ well)

= Inf-sup stable independent of cut position, consistent for u (up to f, ~ f),
consistent for p on interior elements

-> But: inconsistent for p on cut elements



Interpretation of p,, (@ N

. o0
Define £ : L2(Q) — Qp, v — N®(xqV) s.t. ~ xav
Q QT - VS
(ERa,m)ar = (q, ) Vrh € Q. — &%

= (divvh, q) = (divvs, E0q)qr

> pp~Ep

S ﬁh ~ p on T € 7—,;Lnterior

> p on T € T u | |
P % p Ty Te 7?\
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Error estimates @\GOTT.NGEN

Norm on H(div, Q7):

2 . 2 2 HUHQT if yo >0,
ul|s == ||divu + ||lullg. ,
ulls =l lgr + llullg, [|u HQ {| 2 ifye =0
p¢ smooth Sobolev extension of p, u¢ = Vpf, f€ = —div .

Theorem (Error estimate for uj,)
For u € H™(Q2) with m € {0, ..., k + 1}, there holds

15n — ERplli2gary + 16 — upllx + |unle S A7 ||ull miay + INVFE = fullgr.

Theorem
For Q smooth enough to assume L?-H? regularity, there holds

1B — ERplizgary S b (llun — llizgey + 7 lul ) + IIF = fall

/14
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Error estimates @\GOTT.NGEN

Norm on H(div, Q7):

2 .
2 — 2 2 lullgr  if v >0,
ulls == divu + ||u u =
Jul} = v alr + i, ulf, {wu% o
p® smooth Sobolev extension of p, u® = Vp¢, ¢ = —div u®.

Theorem (Error estimate for uj,)
For u € H™(Q2) with m € {0, ..., k + 1}, there holds

15h — ERplliz@ry + 1 = unllz + |unle S A7 l|ullwm() + HNIF ]| .

Theorem
For Q smooth enough to assume L?-H? regularity, there holds

_ 1/2 m
1B — E8plliaary S b (1lun — ulizgey + 72/ luls ) + ™+ Fllm.
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Post-processing @\ggmégﬁuswNWERSW

Motivation
Apply post-processing to
® repair inconsistency on cut elements

® obtain higher order convergence

Idea
Make use of the relation Vp = v and exploit the accuracy of up,.

Two versions
-> element-wise post-processing
= patchwise post-processing



Elementwise Post-processing (@ N

Element-local Scheme o0

For each T € Ty, find p; € PAT1(T) s.t. v
(VPh Vap)T = (un, Vap)T Vg, € PPHT)\R,
(p;’ 1)T = (ﬁha ]-)T if T e ﬁnterior’

(ph, 1) 7ro0 = (pp, 1) Thaq if T € T

Error estimate
If v > 0 and p® € H*2(Q7), then

1p° = pilliziary S 21168 | sz (qry.-
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Patchwise Post-processing @\gg?;*,f,'gg§“5T'UN'VERS'W

'UJETH

Patchwise Scheme

For each w € T, find p; € P¥*1(w) s.t. for all —Fel.sy
q;‘, S Pk+1(w) \ R: — F € F(7;mterior)
> Te 7;1interior
(VP;’vq;)QmW +§@fw(p;;7q;:) = (uh7Vq;)Qﬂwa =[ =90

(pz,l)gmmmxmw ::(ﬁh,l)Qmmmxmw-

Error estimate
For p € H*2(Q), it holds

lp = Phlliz) S HH2IIpll ez

-> no dependence on Dirichlet boundary data

=> 7. = 0 allowed (hybridization possible)
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Numerical examples A\ Soeasusrnnssna

e manufactured solution

geometry description via levelset
o RT* x Pk
e isoparametric® unfitted FEM

uniform refinements

3'C. Lehrenfeld. High order unfitted finite element methods on level set domains using isoparametric mappings. CMAME 300, 2016.
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Numerical examples: Approx. of uj,
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10! |- flun — U||L2(Q)
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1078

lun = ull 207y

—11 ! ! | | | |
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refinement level L

refinement level L

@ k=17, =0—@—k=27,=0—4—k=37,=0

--- Ok
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Numerical examples: Approx. of uj, @\

10t |- [lun — U||L2(Q) = llun — U||L2(QT)

1072 1 r
1075 - 1

‘:;\\ - “\\\\ R ]

e T

108 10 Seecle

T

—11 | | | | | |

10 0 1 2 3 4 5

refinement level L refinement level L

@ k=17=0-®—k=27=0—49—k=3v,=0
—@- k=17, >0-@- k=27,>0-4- k=37,>0
---  O(hY)
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Numerical examples: Approx. of uy, @\Sé?ﬁi'éﬁﬁ““i“wvfksm

10t |- llun — U||L2(Q) = llun — U||L2(QT)
1072 1 r 2
1075 - 10 n
‘:;\\,\ “\\\\ “ -9
AN .
10-8 | 11 e
T
—11 | | | | | |
10 0 1 2 3 4 5
refinement level L refinement level L

@ k=17=0-®—k=27=0—49—k=3v,=0
—@- k=17, >0-@- k=27,>0-4- k=37,>0
---  O(hY)

- for accuracy on Q7, 7. > 0 is necessary
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Numerical examples: Approx. of uj, @\GOTT.NGEN

10t |- llun — U||L2(Q) = llun — U||L2(QT)
10721 1 2
10°° 1 b S - ]
‘:;\ ~~“\\\\"‘.
RN
10-8 | 11 Tee
"o
—11 | | | | | |
10 0 1 2 3 4 5
refinement level L refinement level L

@ k=17=0-®—k=27=0—49—k=3v,=0
~@- k=173>0-@- k=27,>0=-49= k=37,>0
R as)

- for accuracy on Q7, 7. > 0 is necessary

- for accuracy on €, 7. = 0 is possible but conditioning issues possible
12/14



Numerical examples: Post-processing @\25?5,?,‘25595T5uwsnm
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. GE__ORG-AUGUST—UNIVERSITAT
Conclusion o\ GOTTINGEN

Unfitted Mixed FEM

e by extending b to by, (Q to Q7), we achieve inf-sup stability without polluting
the mass balance
® post-processing allows to repair the inconsistency on cut elements and to
obtain higher order convergence:
=> Element-wise post processing: requires Dirichlet boundary data, v, > 0 necessary
—> Patchwise post processing: no dependence on boundary data, . = 0 allowed

e Hybridization possible (ys = 0), but condition number unbounded

EY; 3

Got interested?

[l C. Lehrenfeld, TvB, I Voulis, "Analysis of divergence-preserving un-
fitted finite element methods for the mixed Poisson problem" (2023),
https://arxiv.org/pdf/2306.12722, (accepted for publication in Math. Comp. ). E
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